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Chordal bipartite: definition

Definition (Chordal bipartite)

A bipartite graph is chordal bipartite if it does not contain induced

cycles of length at least six.

T T2 T3 Ty

1 Y2 Ys Y4 Ys



Chordal bipartite: elimination ordering

Definition (Weak-simplicial)

A vertex v € V(G) is weak-simplicial if

e N(v) is an independent set;
e for every pair x, y € N(v), either N(x) C N(y) or N(y) C N(x) L.

1x and y are said to be comparable.



Chordal bipartite: elimination ordering

Definition (Weak-simplicial elimination ordering)

An ordering vy, ..., v, of V(G) is said to be a weak-simplicial
elimination ordering if, for all i € [n], v; is weak-simplicial in
Gi = G[{vi,..., va}].

Theorem ([1])
A graph is chordal bipartite if and only if it admits a weak-simplicial
elimination ordering.

X1 To Z3 Ty

(X2, X1, Y1, Y2, X4, Y3, Ya, X3, ¥5) IS a
weak-simplicial ordering of G.

Y1 Y2 Y3 Ya Ys



Domination problems

Definition (Dominating Set)

A set D C V(G) is a dominating set of G if N[D] = V(G).

Definition (Total Dominating Set)

A set D C V(G) is a total dominating set of G if N(D) = V(G).

Definition (Connected Dominating Set)

A set D C V(G) is a connected dominating set of G if N[D] = V(G)
and G[D] is connected.

In all cases, D is said to be minimal if it is inclusion-wise minimal.



Enumeration variants

Minimal Dominating Set Enumeration (MINDoM-ENUM)
Input: A graph G.
Output:  All minimal dominating sets of G.

Minimal Connected Dominating Set Enumeration (CMINDoM-ENUM)
Input: A graph G.
Output:  All minimal connected dominating sets of G.

Minimal Total Dominating Set Enumeration (TMINDOM-ENUM)
Input: A graph G.
Output:  All minimal total dominating sets of G.



State-of-the-art and directions

What do we know?

e MINDOM-ENUM is in IncP on chordal bipartite graphs [2];

e TMinDowMm-ENuUM is in DelayP on chordal bipartite graphs [2]; and
e CMINDoM-ENUM is hard [3].

Question 1: Is MINDoM-ENUM in DelayP on chordal bipartite

graphs?
e Question 2: Is CMINDoM-ENUM in TotalP on chordal bipartite
graphs?



The algorithm: general idea

Minimal dominating sets in a graph corresponds to minimal

transversals of the closed neighborhood hypergraph.

e Fix an ordering (vi,...,v,) of V(G);
e 7H; := hypergraph of closed neighborhoods of G included in

{vi,...,vi};
e Extenda 7 € Tr(H;)toa 7' € Tr(Hit1).
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How to extend 101: the sequential method

Ho 0]

H, What properties do we want? A

search tree!

Ho . . e No cycles; and

e No leaves of height i < n.

- O



How to extend 101: the sequential method

Ho 0]

H, . What properties do we want? A
search tree!

Ho . . e No cycles; and %

e No leaves of height i < n.

- O

Parent of T € Tr(H;+1) (*)

Repetedly remove the smallest vertex v € T with no private neighbors
in H,‘.



How to extend 101: the sequential method

Ho 0]

H, . What properties do we want? A

search tree!

Ho . . e No cycles; and

e No leaves of height i < n. %

w1 O

Ensuring children for i € [n — 1] (%)
If T* € Tr(H;), i € [n— 1], then either:

o T* € Tr(Hit1) and is its own parent; or

o T*U{viy1} € Tr(Hit1) and T* is its parent.



How to extend 101: the sequential method

Ho 0]

H ]
e A; 1 = subset of H;;1 not
Hy . . hit by T € Tr(H;);

w1 O

Lemma
If T is achildof T, then T = U X, where X € Tr(Aj+1).

Observation
If | Tr(A;+1)| is polynomial, then we have DelayP + PSPACE!




How to extend 101: the sequential method

o m e A; 1 = subset of H;;1 not
H, . hit by T € Tr(H;);

e Bad news: |Tr(A;11)| can be
Ho . . exponential in general;

e Good news: polynomial for
chordal bipartite graphs!

w1 O

Lemma
If T is achildof T, then T = U X, where X € Tr(Aj+1).

Observation
If | Tr(A;+1)| is polynomial, then we have DelayP + PSPACE!




If v is weak-simplicial, then G[N[v] U N?(v)] is bipartite chain.

{ue N(viq1) | N[u] € Ajya};

o B:
o Ri= (Unea, H) \ B
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Lemma

Let T € Tr(Ajt1). Then

o ITONRNN(vii1)<1; and
o |TNN(viiq) <1
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Lemma

Let T € Tr(Aj+1). Then exactly one of the following holds:
o T={vi}

e T C B, in which case T = B;
e T C R, in which case |T| < 2;
o T={r}U(B\ N(r)) for some r € N?>(v; ).
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Theorem ([4])
MinDoMm-ENuMm is in DelayP + PSPACE on chordal bipartite graphs.

Theorem ([4])
CMiINDoM-ENUM is in IncP on chordal bipartite graphs.

Theorem ([4])
The sequential method is NP-complete for minimal dominating sets

even if restricted bipartite graphs.

Theorem ([4, 5])
CMINDoM-ENUM /s MINTRANS-ENUM-hard even if restricted to
bipartite graphs.
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